NATIONAL UNIVERSITY OF TECHNOLOGY, ISLAMABAD
ASSIGNMENT II (LINEAR ALGEBRA AND ODE), FALL 2019
SoLuTiON-KEY

Q.1

Ans.

Q.2

Ans.

where a is a real number. For what value of a is the matrix
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Consider the matrix | a
0

singular?

There can be different ways to determine a so that the given matrix is singular. The first
way is to find the determinant of the matrix and set it to be equal to zero so that the matrix
is singular. By solving the resulting equation we can find the value of a. The second way
is to consider the augmented matrix [A | I3] where A denotes the given matrix and I3 is the
3 x 3 identity matrix. We derive the reduced echelon form of this augmented matrix and
suggest the value of a so that the augmented matrix does not have 3 pivot positions. The
third way is to simply find the echelon form of the given matrix A and set the product of
the diagonal elements of the echelon form equal to zero so that A does not become row
equivalent to I3 and is, therefore, singular. Here, we try out the last technique. Consider
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A=la 6 2| ~|0 6—3a 2-—2a (R2—>R2—CLR1)
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So, the matrix is singular if and only if 2(1 —a) — 5(23_‘1) =0,ie,6(l—a)—52—-a)=0or

equivalently, a = —4.

Find the inverse of
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Let H be the given matrix. Note that the matrix is lower triangular and has non-zero
diagonal elements. Therefore, H is invertible. In order to find its inverse, we can use
the classical technique of minors and cofactors and then evaluate the inverse using H ! =
(det(H)) ' adj(H). However, it will be very tedious. The second and more elegant way is
to form the augmented matrix [H | I4] and reduce it to a reduced echelon form so that the
inverse can be identified on the right half of the reduced augmented matrix. Albeit, it is
better than the previous approach, it still does not exploit the structure of the matrix H.



We need to make use of the lower triangular form of the matrix H. Note that H' is an

upper triangular matrix (thus in echelon form). Moreover, (HT)™! = (H~1)

T Therefore,

instead of calculating the inverse of H, we find the inverse of H”. This way we can reduce
our work done by half as compared to directly inverting H using reduced echelon form of
the augmented matrix [H | I;]. Towards this end, consider the augmented matrix [H7 | I4]

as
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Therefore, we have
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Taking the transpose on both sides we arrive at

Q.3 Recall that a set B of vectors of a subspace S of R™ is called a basis of S if B is linearly
independent and it spans S. Let u = [2 0 —1]T, v = [3 1 O]T, and w = [1 -1 c}
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where ¢ € R. Find the value(s) of ¢ such that the set B := {u, v, w} form a basis of R.



Ans. First remark that if u,v, and w are linearly independent then they must span R® as
dim(R3) = 3. So any set of three linearly independent vectors will form a basis of R3
(try to verify this). Therefore, it is sufficient to find ¢ such that the collection B is linearly
independent. Toward this end, we consider the linear combination

ciu+ cov + cgw = 0, (1)

and solve it for c1, co, and c3. This can be equivalently written as

2 3 1 cl 0
0 1 -1 (&) = 0
-1 0 ¢ cs3 0

We find the echelon form of the coefficient matrix as follows

2 3 1 1 3/2 1/2

1
0 1 1]~ 0 1 -1 (R1*>§R1)
-1 0 ¢ -1 0 c
1 3/2 1/2
~10 1 -1 (R3 — Rz + Ry)
0 3/2 c+1/2
1 3/2 1/2 3
~10 1 -1 (R3—>R3—§R2).
0 0 c+2

Note that for ¢ + 2 = 0 the coefficient matrix will be rank deficient and constant c3 will
become a free variable. Thus, there will be non-trivial solutions to the system (1). Thus,
the collection B is linearly independent and hence, forms a basis of R? if and only if ¢ # —2.

Q.4 Define a transformation 7" : R3 — R* by

T Tr1 — I3
1
T(x)=T |22 | := o1t B , for all x € R?.
T L3 — T2
3 T1 — 2x2
(a) Find T(x) for x" := (1 -2 3).
Ans. It is easy to calculate
1 1-3 -2
_ 1+ (=2) | |1
T(x)=T 32 5 (~2) 5



(b) Show that T is a linear transformation.

Ans. We verify that T(cx) = ¢T'(x) for all ¢ € R and for all x € R3, and T(x +y) =
T(x) + T(y) for all x,y € R3. We have, for any x € R? and for any ¢ € R3,

z cx Cx1 — CI3 Tr1 — I3
1 1
cxr1 + cxo T + X2
T(ex)=T | c|x2 =T |cxa | = =c = cT'(x).
CIx3 — CI9 r3 — I
I3 CI3
cx1 — 2¢xy 1 — 2T9

Moreover, let x = (331 2 xg)T,y = (y1 Y2 y3)T € R? be two arbitrary vectors.

Then
(x14+y1) — (x3+ys3)
T Tl yl 1 + yl (xl _I_ y]_) + (IQ + y2)
(X + y) = T2 + Y2 =T T2 + Y2 — (1'3 + y3) - (ZL'Q + y2)
e vs 3T (w1 +y1) — 2(22 + y2)
r1 — X3 Y1 — Y3
r1 + X2 Y1+ Y2
= + =T(x)+T(y).
T3 — X2 Ys — Y2 ( ) (y)
1 — 229 Y1 — 2y2

(c) Find the matrix A of transformation 7" such that T'(x) = Ax.

Ans. Apparently, the matrix of transformation, A, is given by

1 0 -1
1 1 0
A= 0 -1 1
1 -2 0
1 0 0
A more systematic way is to use the standard (usual) basis 0),{1],10 of
0 0 1
R3 as follows. Since,
NG L[ N (o
T0] = , T|1] = , T0] =
0 0 0 -1 1 1
1 —2 0
Therefore, the transformation matrix of 7" is given by
1 0 -1

—_
—_
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(d)

Ans.

Ans.

The KERNEL of aforementioned 7' : R? — R*  denoted by ker(T'), is defined to be the
set of all x in R? such that Tx = 0. It is also called the null space of T. Find
ker (7).

In order to find ker(7T"), we find all x € R? such that 7'(x) = 0. From the part (c),
we know that T'(x) = Ax. Therefore, ker(T) is the solution set of the homogeneous
system Ax = 0. Towards this end, we reduce the matrix A to its reduced echelon form
as follows.

1 0 -1
1 1 0
A= 0 -1 1

1 -2 0
1 0 -1
0 1 1
0 -2 1
1 0 -1
01 1

~ 00 2 , (R3—>R3+R2, R4—>R4+2R2)
00 3
1 0 -1
01 1 1 1

~ 0 0 1 R (Rg — §R3, R4 — §R4)
00 1
1 00
010

~lo o 1| (Ry = R4 — R3, Ri— R+ R3, Ry — Ry— R3).
000

Therefore, we have 1 = 0, z9 = 0, and 3 = 0 as the unique solution to the system
Ax = 0. Therefore, the ker(T') = {0}.

Show that the ker(T") derived in part (d) is a subspace of R3.

. From part (d), it is clear that ker(T) = {0} C R3, which is a trivial subspace of R3.

There is nothing to prove.

Find dim(ker(T")), i.e., the dimension of subspace ker(T"). (Hint: First express ker(T) :=
span{vy, -} for some vector(s), then show that the vector(s) vi,--- are linearly inde-
pendent.)

It is clear from parts (d) and (e) that the dim(ker(7")) = 0, since there is no non-zero
vector in ker(T').



(g) The RANGE of aforementioned 7' : R? — R* denoted by rang(7), is the set of all

Ans.

b € R* such that T'(x) = b for some x € R?. Find rang(T).

In order to find rang(T), we identify all b € R* for which there exists at least one
x € R3 such that T(x) = b. As T(x) = Ax from part(c), we actually solve the non-
homogeneous system Ax = b for arbitrary b and identify all vectors b for which the
system Ax = b is consistent. Consider b = (b1 by b3 b4)T € R?* arbitrary. Then
the augmented matrix of the non-homogeneous system is

1 0 -1 b
{110 b
API=10 21 1,
1 =2 0 by

We perform Gaussian elimination method on the augmented matrix as follows,

1 0 -1 by
0 1 1 —b+b
AbI~ g 1b3 K (Ry = R2 — R1, Ry — Ry—Ry)

0 =2 1 —bi+b
10 —1 by
01 1 ~b1 +b

“lo o 2 —le:bgjb3 (R3 = R3+ Ry, R4 — R4+ 2R»)
0 0 3 —3b1+2b2+by
10 —1 by
01 1 —b1 + bo 1 1
0 0 1 (=by +by+b3)/2 |’ (R3—>2R3, R4—>3R4)
0 0 1 (—3by+2by+b4)/3
10 -1 by
0 1 1 —b1 + b2

Tlooo 1 (=b1 + ba + b3)/2 ’ (R4 — Ry — R3)
0 0 0 (—3by+by— 3bs+2by)/6

Therefore, for any vector b = (bl by b3 b4)T € R* to be in range of T, we must
have

—3b1 + by — 3b3 + 2by = 0 or equivalently by = (3[)1 — by + 3b3)/2, (2)

otherwise the system Ax = b is inconsistent. Therefore,

by
by — b b
rang(7") = Zz e R* | by, bo, b3 € R are arbitrary and by = (3b1 22 + 3bs)



(h) Show that rang(T’) is a subspace of R*.
Ans. In order to prove that rang(T) C R* is a subspace of R*, we verify three properties.

1. 0 € R* belongs to rang(T). Indeed, for by = 0, by = 0, and b3 = 0, we have
by = (3(0) — (0) + 3(0))/2 = 0.

2. Let u := (u1 Uy U3 U4)T € rang(7T") be any vector. Then, by definition uy =

(3u; — ug + 3ug)/2. For arbitrary ¢ € R, the vector cu := (cu1 cug  cus CU4)T
belongs to rang(T") since we have cuy = (3(cu1) — (cuz2) + 3(cus3))/2, and thus, the
vector cu satisfies (2).

3. Letu= (u1 Uy U3 u4)T,v = (v1 vy U3 v4)T € rang(7T') be arbitrary. Then
ug = (3ug — ug + 3usz)/2 and vy = (3v1 — v2 + 3v3)/2. Note that

u+v=(u+v ups+vy usg+uvs U4+U4)T
Moreover,
ugtvg = (Bur—uz+3uz)/2+ (3v1 —v2+3vs) /2 = (3(ur+v1) — (u2+v2)+3(us+vs)) /2.

Therefore, u + v vector satisfies (2) and thus, u+ v € rang(7).
(i) Find the dim(rang(7T")) following a similar procedure as in part (f).

Ans. Note that the range space of T' can be expressed as

rang(7T') = e R* | by, by, b3 € R are arbitrary
(3b1 — by + 3[)3)/2

Since by, b, bs are arbitrary, any vector in rang(7') can be expressed as

by by 1 0 0
by | by oo 1 0
by | = bs =bh 0 + by 0 + b3 1
by (3by — by + 3b3) /2 3/2 ~1/2 3/2
Therefore,
1 0 0
0 1 0
rang(7T) = span {u,v,w}, where u:= o | V= 0 and w 1= 1
3/2 ~1/2 3/2



It only remains to verify that {u, v, w} are linearly independent. Consider the system

1 0 0 . 0
+ + =0 ivalentl 0 1 0 : _ [V
ciua CoV C3W — or equivalently O 0 1 ZQ = 0
3/2 —1/2 3/2 3 0
Row reduction of the coefficient matrix renders
1 0 0 1 0 0
0 1 0 0 1 0 3
0 0 1 0 0 1 (Fa = 5 1)
3/2 —1/2 3/2 0 —1/2 3/2
1 0 O
01 O 1
“lo o0 1 (R + 5 1)
0 0 3/2
1 00
01 0 3
1o o 1 (Fa = 5 Rs).
0 0 O

Therefore, we have ¢; =0, co = 0 and ¢3 = 0. Thus, {u, v, w} is linearly independent.
As rang(T') = span{u,v,w}. Therefore, {u,v,w} forms a basis of rang(7"). Hence,
dim(rang(7")) = 3.

(j) Verify that dim(rang(T)) + dim(ker(7)) = dim(R3)? What do you conclude from this
for a general linear transformation 75 : R® — R™, for m,n € N?

Ans. Tt is evident that dim(rang(T)) + dim(ker(7)) = 0 + 3 = dim(R3?) = 3. It can be
concluded that dim(rang(T)) + dim(ker(7)) = n = dim(R™). This is, in fact, the
so-called Rank-Nullity Theorem.

”Every stumble is not a fall, and every fall does not mean failure.” ~ Oprah Winfrey



