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Q.1

a.

∫ π/2

0

∫ 1

0
y sinxdydx =

∫ π/2

0

[
y2

2
sinx

]1
0

dx =

∫ π/2

0

1

2
sinx =

[
−1

2
cosx

]π/2
0

=
1

2
.

b.

∫ 2

0

∫ x

x2
y2xdydx =

∫ 2

0

[
y3x

3

]x
x2

dx =

∫ 2

0

[
x4

3
− x7

3

]
dx =

[
x5

15
− x8

24

]2
0

= −128

15
.

c.

∫ π

π/2

∫ x2

0

1

x
cos
(y
x

)
dydx =

∫ π

π/2

[
1

x

sin
( y
x

)
1
x

]x2
0

dx =

∫ π

π/2
sinxdx = [− cosx]ππ/2 = 1.

Q.2 The plane 3x+ 2y + z = 12 is a function z = 12− 3x− 2y, so the volume of the solid is

V =

∫∫
R
zdA =

∫ 3

−2

∫ 1

0
(12− 3x− 2y)dxdy =

∫ 3

−2

[
12x− 3

2
x2 − 2xy

]1
0

dy

=

∫ 3

−2

(
21

2
− 2y

)
dy =

[
21

2
y − y2

]3
−2

=
95

2
.

Q.3 The graphs of y =
√
x and y =

√
3x− 18 are the top halves of the parabolas y2 = x and

y2 = 3x − 18. The region R is sketched in Figure 1. If we wish to use vertical slicing then

Figure 1: The region of integration in Q.3.

it is necessary to employ two iterated integrals, because if 0 ≤ x ≤ 6, the lower boundary is
the graph of y = 0, whereas if 6 ≤ x ≤ 9, the lower boundary is the graph of y =

√
3x− 18.

Let R1 denote the part of the region R that lies between x = 0 and x = 6, and let R2 denote
the part between x = 6 and x = 9 then∫∫

R
f(x, y)dA =

∫∫
R1

f(x, y)dA+

∫∫
R2

f(x, y)dA

=

∫ 6

0

∫ √x
0

f(x, y)dydx+

∫ 9

6

∫ √x
√
3x−18

f(x, y)dydx.
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If we wish to use horizontal slicing then we must solve each of the given equations for x in
terms of y, obtaining

x = y2 and x =
1

3
y2 + 6.

Only one iterated integral is required in this case and that is∫∫
R
f(x, y)dA =

∫ 3

0

∫ 1
3
y2+6

y2
f(x, y)dxdy.

Q.4 The region of integration D is the region below the line x + 3y = 7 or equivalently y =
(7− x)/3 and above the line y = 1 for 1 ≤ x ≤ 4 (see, Figure 2). Thus,

10   ■   DOUBLE INTEGRALS

21. The plane 3+ 2 +  = 12 is the function  = 12− 3− 2, so the volume of the solid is
 =



(12− 3− 2)  =  3−2  10 (12− 3− 2)  =  3−2 12− 3

2
2 − 2=1

=0


=
 3
−2

21
2
− 2  =  21

2
 − 2

3
−2 =

95
2

23. The region of integration is the region below the line + 3 = 7 ⇔  = (7− )3 and above the line  = 1 for

1 ≤  ≤ 4. Thus
=

 4
1

 (7−)3
1

   =
 4
1


1
2
2

=(7−)3
=1



=
 4
1

1
2[

1
9 (7− )2 − 1]  = 1

2

 4
1

1
9[(7− )2 − 9] 

= 1
18

 4
1
(3 − 142 + 40)  = 1

18


1
4
4 − 14

3
3 + 202

4
1

= 1
18


256
3
− 187

12


= 31

8

25.  is the rectangle [−1 1] × [0 5]. Thus, () = 2 · 5 = 10 and

ave =
1

()



( )  = 1

10

 5
0

 1
−1 

2   = 1
10

 5
0


1
3
3

=1

=−1  =
1
10

 5
0
2
3
  = 1

10


1
3
2
5
0
= 5

6
.

27. The average value of a function  of two variables defined on a rectangle  was defined as ave = 1
()



( ), where

() is the area of the region of integration . Extending this definition to general regions, we have

ave =
1

()



( ).

Here = {( ) | 0 ≤  ≤ 1 0 ≤  ≤ 3}, so () = 1
2
(1)(3) = 3

2

and

ave =
1

()



( ) = 1

32

 1
0

 3
0

  

= 2
3

 1
0


1
2
2

=3
=0

 = 1
3

 1
0
93  = 3

4
4
1
0
= 3

4

29. If we place the origin at the southwest corner of the state, then the region is described by the rectangle

 = {( ) | 0 ≤  ≤ 388 0 ≤  ≤ 276}. The area of  is 388 · 276 = 107,088, and the average snowfall was

ave =
1

()




( )  =
1

107,088

 388

0

 276

0

(46 + 002− 001 + 00001)  

=
1

107,088

 388

0


46 + 002 − 00052 + 0000052=276

=0


=
1

107,088

 388

0

(12696 + 552− 38088 + 38088)  = 1

107,088

 388

0

(88872 + 93288) 

=
1

107,088


88872+ 466442

388
0

=
1

107,088
(1,047,020794) ≈ 977 in
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t.Figure 2: The region of integration in Q.4.

V =

∫ 4

1

∫ (7−x)/3

1
xydydx =

∫ 4

1

[xy
2

](7−x)/3
1

dx =

∫ 4

1

1

2
x

[
1

9
(7− x)2 − 1

]
dx

=
1

18

∫ 4

1

[
x3 − 14x2 + 40x

]
dx =

1

18

[
x4

4
− 14x3

3
+ 20x2

]4
1

=
1

18

(
256

3
− 187

12

)
=

31

8
.

Q.5 The region R of the integration is illustrated in Figure 3. The left-hand and right-hand
boundaries are the graphs of x =

√
y and x = 2, respectively, and 0 ≤ y ≤ 4. Note that

the region R has the lower and upper boundaries at y = 0 and y = x2, respectively, and
0 ≤ x ≤ 2. Hence,∫ 4

0

∫ 2

√
y
y cos(x5)dxdy =

∫∫
R
y cos(x5)dA =

∫ 2

0

∫ x2

0
y cos(x5)dydx =

∫ 2

0

[
y2

2
cos(x5)

]x2
0

dx

=

∫ 2

0

x4

2
cos(x5)dx =

1

10

∫ 2

0
cos(x5)[5x4dx]

=
1

10

[
sin(x5)

]2
0
=

1

10
sin(32).
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Figure 3: The region of integration in Q.5.

Q.6 The region of integration is bounded from above by the line y = 8, from below by x−axis,
from left by the curve x = y1/3, and from right by the line x = 2 (see, Figure 4).∫ 8

0

∫ 2

y1/3

√
x4 + 1dxdy =

∫ 2

0

(∫ x3

0

√
x4 + 1dy

)
dx =

∫ 2

0
x3
√

x4 + 1dx =
2

12
(x4 + 1)3/2

∣∣∣2
0
.

Example (Midterm II, Aut. ’12, Loveless, Ex 3b)
Switching the order of integration, evaluate

∫ 8

0

∫ 2
3√y

√x4 + 1dx dy
Remark: ∫ √x4 + 1dx has no closed formula with elemen-
tary functions.

y

x
x

x3 8

2
3√y

∫ 8

0

∫ 2
3√y

√x4 + 1dx dy =
∫ 2

0

( ∫ x3

0
√x4 + 1dy)dx

=
∫ 2

0
√x4 + 1x3dx

= 2
12(x4 + 1)3/2∣∣∣2

0 =
Integration by substitution: f (u) := √u, g(x) := x4 + 1.
Then ∫ f (u)du = 23u3/2 and g′(x) = 4x3. Hence
∫

4x3√x4 + 1dx =
∫

g′(x)·f (g(x))dx = F (g(x)) = 2
3(x4+1)3/2

134

Figure 4: The region of integration in Q.6.

Therefore,

∫ 8

0

∫ 2

y1/3

√
x4 + 1dxdy =

1

6

[
(24 + 1)3/2 − (0 + 1)3/2

]
=

1

6
(173/2 − 1).

“Shine like the whole universe is yours.” — Rumi
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