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Q.1 A kite string exerts a 12 lb pull (|F| = 12) on a kite and makes a 45o angle with the
horizontal. Find the horizontal and vertical components of F.

45. Velocity An airplane is flying in the direction 25° west of north
at 800 km h. Find the component form of the velocity of the air-
plane, assuming that the positive x-axis represents due east and
the positive y-axis represents due north.

46. Velocity An airplane is flying in the direction 10° east of south
at 600 km h. Find the component form of the velocity of the air-
plane, assuming that the positive x-axis represents due east and
the positive y-axis represents due north.

47. Location A bird flies from its nest 5 km in the direction 60°
north of east, where it stops to rest on a tree. It then flies 10 km in
the direction due southeast and lands atop a telephone pole. Place
an xy-coordinate system so that the origin is the bird’s nest, the
x-axis points east, and the y-axis points north.

a. At what point is the tree located?

b. At what point is the telephone pole?

48. Use similar triangles to find the coordinates of the point Q that di-
vides the segment from to into two
lengths whose ratio is 

49. Medians of a triangle Suppose that A, B, and C are the corner
points of the thin triangular plate of constant density shown here.

a. Find the vector from C to the midpoint M of side AB.

b. Find the vector from C to the point that lies two-thirds of the
way from C to M on the median CM.
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c. Find the coordinates of the point in which the medians of
intersect. According to Exercise 29, Section 6.4, this

point is the plate’s center of mass. 

50. Find the vector from the origin to the point of intersection of the
medians of the triangle whose vertices are

51. Let ABCD be a general, not necessarily planar, quadrilateral in
space. Show that the two segments joining the midpoints of oppo-
site sides of ABCD bisect each other. (Hint: Show that the seg-
ments have the same midpoint.)

52. Vectors are drawn from the center of a regular n-sided polygon in
the plane to the vertices of the polygon. Show that the sum of the
vectors is zero. (Hint: What happens to the sum if you rotate the
polygon about its center?)

53. Suppose that A, B, and C are vertices of a triangle and that a, b,
and c are, respectively, the midpoints of the opposite sides. Show

that 

54. Unit vectors in the plane Show that a unit vector in the plane
can be expressed as obtained by rotating
i through an angle in the counterclockwise direction. Explain
why this form gives every unit vector in the plane.
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Figure 1: Configuration of force exerted by the string.

Q.2 A bird flies from its nest 5km in the direction 60o north of east, where it stops to rest on
a tree. It then flies 10km in the direction due southeast and lands atop a telephone pole.
Place an xy-coordinate system so that the origin is the bird’s nest, the x-axis points east,
and the y-axis points north. At what point is the tree located and at what point is the
telephone pole?

Q.3 Suppose that a box is being towed up an inclined plane (see, Figure 2). Find the force w
needed to make the component of the force parallel to the inclined plane equal to 2.5 lb.

12.3 The Dot Product 871

a. Show that

and These cosines are called
the direction cosines of v.

b. Unit vectors are built from direction cosines Show that if
is a unit vector, then a, b, and c are the

direction cosines of v.

16. Water main construction A water main is to be constructed
with a 20% grade in the north direction and a 10% grade in the
east direction. Determine the angle required in the water main
for the turn from north to east.

Decomposing Vectors
In Exercises 17–19, write u as the sum of a vector parallel to v and a
vector orthogonal to v.

17.

18.

19.

20. Sum of vectors is already the sum of a vector
parallel to i and a vector orthogonal to i. If you use in the de-
composition do you get 
and Try it and find out.

Geometry and Examples
21. Sums and differences In the accompanying figure, it looks as

if and are orthogonal. Is this mere coincidence,
or are there circumstances under which we may expect the sum of

v1 - v2v1 + v2

su - projv ud = j + k?
projv u = iu = projv u + su - projv ud ,

v = i ,
u = i + sj + kd

u = 8i + 4j - 12k, v = i + 2j - k

u = j + k, v = i + j

u = 3j + 4k, v = i + j
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two vectors to be orthogonal to their difference? Give reasons for
your answer. 

22. Orthogonality on a circle Suppose that AB is the diameter of a
circle with center O and that C is a point on one of the two arcs
joining A and B. Show that and are orthogonal. 

23. Diagonals of a rhombus Show that the diagonals of a rhombus
(parallelogram with sides of equal length) are perpendicular.

24. Perpendicular diagonals Show that squares are the only rec-
tangles with perpendicular diagonals.

25. When parallelograms are rectangles Prove that a parallelo-
gram is a rectangle if and only if its diagonals are equal in length.
(This fact is often exploited by carpenters.)

26. Diagonal of parallelogram Show that the indicated diagonal of
the parallelogram determined by vectors u and v bisects the angle
between u and v if 

27. Projectile motion A gun with muzzle velocity of 1200 ft sec is
fired at an angle of 8° above the horizontal. Find the horizontal
and vertical components of the velocity.

28. Inclined plane Suppose that a box is being towed up an inclined
plane as shown in the figure. Find the force w needed to make the
component of the force parallel to the inclined plane equal to 2.5 lb. 
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Figure 2: Torque Exerted by F.

Q.4 How much work does it take to slide a crate 20m along a loading dock by pulling on it with
a 200N force at an angle of 30o from the horizontal?

Q.5 Let P (2,−2, 1), Q(3,−1, 2), and R(3,−1, 1) be three non-colinear points. Find the area of
the triangle ∆PQR. Also find a unit vector perpendicular to the plane PQR.

1
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15.

16.

17.

18.

Triple Scalar Products
In Exercises 19–22, verify that 

and find the volume of the parallelepiped (box) deter-
mined by u, v, and w.

u v w

19. 2i 2j 2k

20.

21.

22.

Theory and Examples
23. Parallel and perpendicular vectors Let 

Which vectors, if any, are (a)
perpendicular? (b) Parallel? Give reasons for your answers.

24. Parallel and perpendicular vectors Let 

Which vectors, if any, are (a) perpendicular? (b) Parallel? Give
reasons for your answers.

In Exercises 39 and 40, find the magnitude of the torque exerted by F
on the bolt at P if and Answer in foot-
pounds.

25. 26.

27. Which of the following are always true, and which are not always
true? Give reasons for your answers.

a. b.

c. d.

e.

f.

g.

h.

28. Which of the following are always true, and which are not always
true? Give reasons for your answers.

a. b.

c. s -ud * v = - su * vd
u * v = - sv * udu # v = v # u

su * vd # w = u # sv * wd
su * vd # v = 0

u * sv + wd = u * v + u * w

u * v = v * u

u * s -ud = 0u * 0 = 0 * u = 0

u # u = ƒ u ƒƒ u ƒ = 2u # u

F
Q

P
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F

Q
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60°

ƒ F ƒ = 30 lb .ƒ PQ
1

ƒ = 8 in .

r = - sp>2di - pj + sp>2dk.w = i + k,v = - i + j + k,
u = i + 2j - k,

j - 5k, w = -15i + 3j - 3k.
u = 5i - j + k, v =

2i + 4j - 2k- i - ki + j - 2k

i + 2k2i - j + k2i + j

- i + 2j - k2i + j - 2ki - j + k

sw * ud # v
su * vd # w = sv * wd # u =

Ps -2, 2, 0d, Qs0, 1, -1d, Rs -1, 2, -2d
Ps2, -2, 1d, Qs3, -1, 2d, Rs3, -1, 1d
Ps1, 1, 1d, Qs2, 1, 3d, Rs3, -1, 1d
Ps1, -1, 2d, Qs2, 0, -1d, Rs0, 2, 1d d.

e.

f. g.

h.

29. Given nonzero vectors u, v, and w, use dot product and cross
product notation, as appropriate, to describe the following.

a. The vector projection of u onto v

b. A vector orthogonal to u and v

c. A vector orthogonal to and w

d. The volume of the parallelepiped determined by u, v, and w

30. Given nonzero vectors u, v, and w, use dot product and cross
product notation to describe the following.

a. A vector orthogonal to and 

b. A vector orthogonal to and 

c. A vector of length in the direction of v

d. The area of the parallelogram determined by u and w

31. Let u, v, and w be vectors. Which of the following make sense,
and which do not? Give reasons for your answers.

a. b.

c. d.

32. Cross products of three vectors Show that except in degener-
ate cases, lies in the plane of u and v, whereas

lies in the plane of v and w. What are the degener-
ate cases?

33. Cancellation in cross products If and 
then does Give reasons for your answer.

34. Double cancellation If and if and
then does Give reasons for your answer.

Area in the Plane
Find the areas of the parallelograms whose vertices are given in
Exercises 35–38.

35.

36.

37.

38.

Find the areas of the triangles whose vertices are given in Exercises 39–42.

39.

40.

41.

42.

43. Triangle area Find a formula for the area of the triangle in the
xy-plane with vertices at and Explain
your work.

44. Triangle area Find a concise formula for the area of a triangle
with vertices and sc1, c2d .sa1, a2d, sb1, b2d ,

sb1, b2d .s0, 0d, sa1, a2d ,

As -6, 0d,  Bs10, -5d,  Cs -2, 4d
As -5, 3d,  Bs1, -2d,  Cs6, -2d
As -1, -1d,  Bs3, 3d,  Cs2, 1d
As0, 0d,  Bs -2, 3d,  Cs3, 1d

As -6, 0d,  Bs1, -4d,  Cs3, 1d,  Ds -4, 5d
As -1, 2d,  Bs2, 0d,  Cs7, 1d,  Ds4, 3d
As0, 0d,  Bs7, 3d,  Cs9, 8d,  Ds2, 5d
As1, 0d,  Bs0, 1d,  Cs -1, 0d,  Ds0, -1d

v = w?u # v = u # w,
u * v = u * wu Z 0

v = w?
u Z 0,u * v = u * w

u * sv * wd
su * vd * w

u # sv # wdu * sv * wd
u * sv # wdsu * vd # w

ƒ u ƒ

u - vu + v

u * wu * v

u * v

su * vd # u = v # su * vd
su * ud # u = 0u # u = ƒ u ƒ

2

csu * vd = scud * v = u * scvd sany number cd
scud # v = u # scvd = csu # vd sany number cd
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(a) (b)

Figure 3: Torque Exerted by F.

Q.6 Find the magnitude of the torque exerted by the force F on the bolt at P if | ~PQ| = 8 in.
and |F| = 30 lb (see, Figure 3). Answer in foot-pounds.

”Everything looks impossible to the people who never try anything.”
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