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On the Green function in visco-elastic media
obeying a frequency power-law
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In this work, we present an explicit expression for the Green function in a visco-elastic medium. We choose Szabo
and Wu's frequency power law model to describe the visco-elastic properties and derive a generalized visco-elastic
wave equation. We express the ideal Green function (without any viscous effect) in terms of the viscous Green function
using an attenuation operator. By means of an approximation of the ideal Green function, we address the problem of
reconstructing a small anomaly in a visco-elastic medium from wavefield measurements. Copyright © 2011 John Wiley
& Sons, Ltd.
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1. Introduction

The elastic properties of human soft tissues have been exploited in a number of imaging modalities in the recent past, because the
elasticity properties vary significantly in order of magnitude with different tissue types and are closely linked with the pathology of
the tissues and their underlying structure.

Most of the time, medium is considered to be ideal (without any viscous effect), neglecting the fact that a wave loses some of
its energy to the medium and its amplitude decreases with time due to viscosity. An estimation of the viscosity effects, however,
can sometimes be very useful in the characterization and identification of anomaly [1].

To address the problem of reconstructing a small anomaly in visco-elastic media from wavefield measurements, it is important
to first model the mechanical response of such media to excitations.

The Voigt model is a common model to describe the visco-elastic properties of tissues. Catheline et al. [2] have shown that
this model is well adapted to describe the visco-elastic response of tissues to low-frequency excitations. However, we choose a
more general model derived by Szabo and Wu in [3] that describes observed power-law behavior of many visco-elastic materials
including human myocardium. This model is based on a time-domain statement of causality [4] and reduces to the Voigt model
for the specific case of quadratic frequency losses.

Expressing the ideal elastic field without any viscous effect in terms of the measured field in a viscous medium, one can generalize
the methods described in [5-9], namely the time reversal, back-propagation and Kirchhoff imaging, to recover the visco-elastic
and geometric properties of an anomaly from wavefield measurements. To achieve this goal, we focus on the Green function in
this article. We identify a relationship between the ideal Green function and the visco-elastic Green function in the limiting case
when the shear modulus 21— oo, in a quasi-incompressible medium. We also provide an approximation of this relationship using
the stationary phase theorem.

The article is organized as follows. In Section 2, we introduce a general visco-elastic wave equation based on Szabo and Wu's
power law model. Section 3 is devoted to the derivation of the Green function in the visco-elastic medium. In Section 4, we
approximate the ideal Green function in the case of quadratic losses and sketch a procedure of image reconstruction in visco-elastic
media. We support our work with numerical illustrations, which are presented in Section 5.
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2. General visco-elastic wave equation
When a wave travels through a biological medium, its amplitude decreases with time due to attenuation. The attenuation coefficient
for biological tissues may be approximated by a power-law over a wide range of frequencies. Measured attenuation coefficients of
soft tissues typically have linear or greater than linear dependence on frequency [3, 4, 10].

In a pure elastic medium; without attenuation, Hooke’s law states that:
Txt)=C:S(xt),
where x€R3, t is the time variable, T is the order two stress tensor, C is the order four stiffness tensor and S= %(Vu—kVuT) is the

order 2 strain tensor. Here T represents the transpose operation, ‘ : ' represents tensorial product and u(x, t) is the displacement field.
Consider a visco-elastic medium. Suppose that the medium is homogeneous and isotropic. We write

C =Byl =260k + (S o1+ 36k )],
CY = Dnijial = 15030k +1p ik Oj1 + 9 )],

where CV is the order four viscosity tensor, . is the Kronecker delta function, (g, /) are the Lamé parameters, and (s, 1p) are the
shear and bulk viscosities, respectively. Throughout this work, we suppose that

Np M1 K 1. M
For a medium obeying a power-law attenuation model, under the smallness condition (1), a generalized Hooke’s law reads [3]
T )=C:Sx t)+C":.#[S]x 1), )
where ./ is the convolution operator given by:

/2 67_1 S
orr=1"

—(=1 y is an even integer,

2 . H(t . .
MIS]=1{ Z(y— 1)!(—1)('“)/2%&5, 7 is an odd integer, 3)
T 7

2 H(t
——F(y)sin(yn/Z)# *t S, y is a non integer.
T ‘

Here H(t) is the Heaviside function, I is the gamma function and x; represents the convolution with respect to t.

Remark 2.1
Note that for the common case when, y=2, the generalized Hooke's law (2) reduces to the Voigt model,

TF:C:S—HCV:a—S.
ot

To find a general visco-elastic wave equation, we take the divergence of (2) which gives

V- T=0+RV(V-u)+ Ay, (4)

and substitute the resulting expression (4) in the equation of motion (5) for the system, i.e.

2
0“u
-~ _F=V.T. (5)
o
We obtain the generalized visco-elastic wave equation
o%u . _
pﬁ—F=(i+u)V(V-U)+uAu, (6)

where p is the density (assumed to be constant here), F is the applied force and

A=i4n, M1 and = ptng AT,
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3. Green function

In this section we find the Green function for the visco-elastic wave equation (6). We first derive the following Helmholtz decom-
position of the displacement field:

Lemma 3.1
If the displacement field u(x, ) satisfy (6)ﬂsuch that (Ou/dt)(x,0)=VA+V x B and ulx,0)=VvC+V x D where V.B=0=V.D and if
the body force F=V@r+V x ¢ with V- =0 then there exist potentials ¢, and i, such that

o U=V, +V xiy Vi, =0;

o (%/02)9y =1/ P)pr+ APy +vp MA@~ (1/ P)pr—(vp/ pCB)MpAl+ChADy+(vp/ R)MIF P

o 0%/ 020y =01/ W+ 2Ny +vs MIND I~ (/P = (vs/ pR) MW+ Ay + (vs/ ) M7,

with

A+2 +2
cﬁ:ﬂ, cszzﬁ, vp:np s and vszﬁ.
p p p
Proof .
For ¢, and , defined as:
t pt 1 5

@y 1) :/0 /0 (;(pf-f—(cp-’—\)p(%)[v-u]) dsdt+tA+C (7)

- tre/1- s o

l//u(x,t)=/ f (—wf—(c§+v5ﬂ)[qu]) dsdt+tB+D. (8)

0Jo \P

We have the required expression for u. Moreover, it is evident from (8) that V-, =0
Now, on differentiating ¢, and y, twice with respect to time, we obtain

Poy 1 2

atzu = ;¢f+cpA<pu+vp/%[A<pu],
RTIPR IR
o2 = ;‘//f‘{‘CSA'wbu"'VSﬂ[A'//u]'

Finally we invoke (1). By applying .# on last two equations, neglecting the higher order terms in vs and vp and injecting back the

expressions for .#[A¢,] and .Z[Ay ], we get the required differential equations for ¢, and . a
Let
Km(@)=o (1 E %”J/[w]), m=sp, ©
Cm

where the multiplication operator 1] is the Fourier transform of the convolution operator ./ and w is the frequency. If ¢, and y,
are causal, then it implies the causality of the inverse Fourier transform of Ky (w), m=s, p. Applying the Kramers—Kronig relations¥,

it follows that
—IMKm ()= H[ReKm(w)] and  NReKm(w)=A#[SMKnm(w)l, m=p,s, (10)

where # is the Hilbert transform, I and N represent the imaginary and the real parts of a complex number, respectively. Recall that
#2=—|. The convolution operator .# given by (3) is based on the constraint that causality imposes on (2). Under the smallness
assumption (1), the expressions in (3) can be found from the Kramers—Kronig relations (10). One drawback of (10) is that the
attenuation, ImKm (w), must be known at all frequencies to determine the dispersion, ReKm (w). However, bounds on the dispersion
can be obtained from measurements of the attenuation over a finite frequency range [12].

3.1. Solution of (6) with a concentrated force

Let uj denote the ith component of the solution u; of the elastic wave equation (6) related to a force F concentrated in the
xj-direction. Let j=1 for simplicity and suppose that

F=-T(t)o(x—)er=—T(t)o(x—<)(1,0,0), (an

where ¢ is the source point and (e1, ey, e3) is an orthonormal basis of [3.

*See [4, 3, 11] for more details on causality and KKR.
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Let Z be the solution of the poisson equation
V2Z=F.
Then

1
Z(x, té)—%—ﬂ

As V2Z=V(V-Z)— V x (V x Z), the Helmholtz decomposition of the force F can be written [13] as

F=Vor+Vxyy,

gg T (1
b=V E= g oxy \r)’ (12)

(1) o (1 o (1
=—VxZ=——|0— =), - =) )
Ve xZ= 47 (0 5X3(I’> 8x2<r)>
where r=|x—¢|.

Consider the Helmholtz decomposition for u; as
U‘|:V(P'| -‘rVXl//-l (13)

then, according to Lemma 3.1, ¢4 and y/; are, respectively, the solutions of the equations

1 62 @V 1
A<P1——2T21+ pﬂ[ orprl= p4«/%[<Pf]—T(Pfr (14)
e s pp o
10 Y
A + ﬂ" =7 — Yt 15
l/’1 C2 52 [rlh] p lﬁf] gplﬁ (15)

Taking the Fourier transform of (13), (14) and (15) with respect to t we get

U1 =V +Vxiy, (16)
N 1 2 n Vp o~ N 1 .
AP+ =5 Kp()py = —5 M wlopf —— ¢f, (17)
% pCp p<h
A 2] . 1 .
AYq+ <K (g = —4 ol — —Vf (18)
5 pCs pes

where Km(w), m=p,s, are defined in (9).
We remind that the Green function of the Helmholtz equations (17) and (18) is

N
9" w)=————, m=s,p.
47|x|
We closely follow the arguments in [13], and write {; as:

R . Vp A 1
1060;0) = g7 ) | 5 Ullor— ¢
PCp CppP

— (12 M/ Pz )
- (1 2ﬂ[w]> panc? Jya 9 T o g ¢

Remark that z— gP(x —z w) is constant on each sphere 9B(x, h), centered at x with radius h. Therefore, use of spherical coordinates
leads to

S . Yp - 1 S /oo ~D / 0 < 1 )
co&)=—(1—=.4 — T h, — do(z)dh
Prboic) ( C,Z, [w]) pl4ncp)? (@) 0 gl B h) 021 \1z—¢| o

where da(2) is the surface element on 0B(x, h).
From [14], it follows that

) : 0 if h>r
0
—_— do(z)= 9
/E;B(X,h) 0z (IZ—€|> anh? 2 <1> if h<r.
oxy \ r
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Therefore, we have the following expression for ¢1:

; Vp ’ 1 ( )
CwE)=— 11— M h dh
P10 ;&) ( c,2) [w]) 4npcp 6X1 e
r/¢
__ (1 v,2; ﬂ[a}]) L-f-(w)i (1)/ pCe /—1Kp((U)CdC' (19)
b 4np ox1 \r/)Jo

In the same way, the vector @1 is given by:

- . 1 4 o (1 o (1 e
V08 = (1 - :—;/mw]> Ty T (o, p (7>'_E (7»/0 feV=TK) g, (20)

S

Here we introduce the following notations for simplicity:

r/Cm B
Im(r, ) = Am f teV/ = TKm(@) g4¢ 1)
0
Em(r, (JJ) = Ame\/_Km CL (22)
Am(@) = (1 - VT’"Q)%[Q)]), m=p,s. (23)
Cm

and calculate ;7 =(V@q)i+(V ><1//1 Forall i=1:3

A o 0 0 1 r/CP «/7_1K (o)
(V€01),-——67i [( Cp//[w]) yr (w)% (;)/O e Pl d |,

2
_ //[ ] 1 ) i "/Cp(:e T e (12 "2 o) 1 ) o (1\or(r oVl
drp " dxixi \ 2 4 é. ox;
Tp X1 0 % Tp X1 Xi

' ) il (1)/0 o+ — T L e w)
=——[lw w ),
4mp " oxioxy \r )P dmpcgr  Ox1 OX;

where we have used the equality 8/ x1)(1/N==(1/r)dr/ oxy.
Similarly, the value (V x 1//1 is given by:

X 1. o * N 1. or or
\Y% =—-T — ) Is(r, T 01 — — — | Es(r, o).
( ><!//1)i 4mp (©) 0Xj0x1 (r) st C0H_471pc52r (w)( : X 6x1> st

Therefore,

2 o

. 1 4 0 1 1 ., . 0r or 1 5 r or

ujj=——T(w) (*) [’s(l', ) —Ip(r, CO)] + 72-[((0)* —Ep(r, )+ 727—((0) <5i1 - 7) Es(r, w).
47p oxjx1 \ r 4npcpr 0Xj 0X1 Anpcir )Xj OX

Hence, Uj;, the ith component of the solution G, for an arbitrary j is

. 1 4 1 N 1
uf,-=mT(w)(3"/f/j 5,,) [15(r, ) —Ip(r, )] 10y Eplr )+ ——5 (o) (85=91) Estr o),

4npc52

where y;=(0r/ dxj)=(xj— &)/ r and Iy, and Epy are given by Equations (21) and (22).

3.2. Visco-elastic green function

If we substitute T(t)=d(t), where § is the Dirac delta function, then T(w)=1. Let Gjj be the ith component of the Green function
related to the force concentrated in the x;-direction and Gij be the Fourier transform of Gj; then we have the following expression
for G,-j:
1 1 1 1 1 1
Giilx, ;&) = (3 - ) I5(r, ) — Ip(r, )]+ —— 77~ Ep(r, ) + —— (8 —17; ) ~Es(r, ),
4 Anp 0 [s P ] 47‘CpC,2) iy EP 4mpc? ( v /:3’1) re

or equivalently,

Gijlog ;&) =G} 06, ; &)+ 0, 7€)+ (% ;) (24)

Copyright © 2011 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2011, 34 819-830
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where
P w;8) = —(3y-y-—5-~)l[ls(r ) —Ip(r, )] (25)
ij s Wy G np ity ] I’3 7 p\ls 7
R 1 R
306 ;) = —5 Ap(@)ygP 1, ), (26)
PCp
and
. 1 X .
gfj(x, w; &)= —5As(w)(0j — 7i7)g° (r, ). (27)
pCs

Let Glx, ;&) =(Gj(x, t;g’));:’j=1 denote the transient Green function of (6) associated with the source point &. Let G™(r,t) and Wn(x,t)

be the inverse Fourier transforms of Am(w)g™(r, w) and Im(r, w), m=p,s, respectively. Then, from (24)-(27), we have

1 1 1 1
Gji(x, ;&) = —= ;9GP (r, ) 4+ —= (8 — yiv)) G (r, ) + —— (3y;7; — 6i)) = [Ws(r, ©) — Wi (r, T)]. 28
ik t<) = yiviG (1) pCSz( ii—vivj)G (1) 4np( 00 ,,)r3[ s(r, 1) — Wp(r, )] (28)

Remark that by a change of variables,

4 r
Wnte 0= [ 267 AL
2 Jo

4. Approximate green function for voigt model

Consider the limiting case 2— +o00. The Green function for a quasi-incompressible visco-elastic medium is given by:
Gjjix ;&)= %(5,7 —y,-yj)GS(r, t)+ %(3%-31]—5,7)13 /r igallel:1e
pCs pes = Jo
To generalize the detection algorithms presented in [5-8] to the visco-elastic case we shall express the ideal Green function without
any viscous effect in terms of the Green function in a viscous medium. From

6 0)= J% /R e VT ()55, ) doo,
T

it follows that

V=1 (—mt—i— %S‘“)r)

1 e
Grt)=— | A - dw.
(r,t) T fR s(w) - (@)

Let us introduce the operator

+00
L[¢<r)]:;—n fR /0 As(w)p(r)ey ~TKs@rg—v=Tot g g,

for a causal function ¢. Then we have

Gs(r,t;f):L [M],

47r

and therefore,

LIGN(r, ) =L*L [M]
4nr

where L* is the L2(O,+oo)—adjoint of L. .
Consider for simplicity the Voigt model. Then, .#(w)=—+/—1® and hence,

=1y =1y
1+ S oo+ 5 w2,

cs2 2c52

Ks(w)=w
under the smallness condition (1). The operator L can then be approximated by

+00 —35 020
l[dﬂ(t):;—n /R /0 As()pe 24 V=100 grde,

Copyright © 2011 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2011, 34 819-830
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Since
[ A/ 27'EC5 CSZ(I*OZ
/e 2‘: Tolt=1) 4, =———¢e 25t ,
R A/ VsT
and

c t)2
4/_1/ we 2cs eV =Tolt=0) gy — _ A/2mcs 0 Szm ’
R VVsT at

it follows that

Z +oo ¢ Cs _Cs; 0?2 d
= - Vst . 2
[$1(0) /0 T45(1) 2nv51e T (29)
Analogously,
- +o0 ¢ Cs _ da-t?
* = - st
L*[o1(t) /0 tqﬁ(r) me T dr. (30)

Since the phase in (30) is quadratic and vs is small then by consequence of the stationary phase Theorem A1, we have following
result:

Theorem 4.1 (Approximation of operator L)

*pl=p+ » ﬁtttqﬁ—i—o(—?) L[¢]—¢+ t&mjﬂ-o(g) 31
and therefore
Cigl=¢+— Ott5r¢)+0<2> (32)
<
and,
D gl=p— - —at torp)+o (—2> (33)
<5
Proof

1. Proof of approximation (31):
Let us first consider the case of operator L*. We have

B +oo ¢ Cs _ e—t? 1 400 Ve
* — _ s — if(t)/e
: [¢](t)_](; t¢(‘[) 27'5"51‘e e l\/E </0 W(T)e >’

with, f()=in(t—t)2, e=2mnvst/c? and y(1)=1¢(r). Remark that the phase f satisfies at =t , f(t)=0, f(t)=0, f’(t)=2in#0.
Moreover, we have

eif(t)/z:(s—'lf//(t)/zin)—1/2:\/E
gt(r):f(r)—f(r)—1f”(t)(r—t>2=o
Lyl =Ly == f” 1y ()= <t¢)”.

Thus, Theorem A1 implies that

83/2 Z sup |(t(}5)(a)
A

Tk Vs 1 C
L0 — <¢(r)+ % ) <<

The case of the operator L is very similar. Note that

21?2

o [t &S 5% (i
L[(m(t)_fo e df_ﬁgo e )

]
Copyright © 2011 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2011, 34 819-830
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with f(t)=in(t—1)2/1, s_vS/chs and Y (7)=¢(1)t —3/2 1t follows that
f/ _ t2 f// =2j t2 f// =2ij 1
(t)=in|1— 1_2 , ()= |7r—3, (t)= m?,

and the function g¢(7) is equal to

We deduce that

24
(@) () = 0P Y0 +4g2 Oy (1) =i (ts%” S r))

6!
G2 © 0 = gH Ot )w(t)z—nztjl//m,
and then,
~ 17 ~
-1 17 " ¢ 1 ”” ¢(t d’
Dy ( (') "y <r>) - (ﬁ> 4<J¢ o +4t3/2>
1
LEPWI0 = 072G Y6 +agr (00 (¢ ( ( ) t3/2)>
L9990
_47'c Jtoo 2132
) —3, 2\(6) 1 (1540
[lﬁ] 232’3, ———f"(t) (gt) (t)w(S)_E<7t37 P

where q@(r):d)(r)/r. Therefore, we have

L1y = [l//](t +L 40 +L i)

~t -
_l ~n _ ¢ (1) §_8 E @ 1 STV %
= (ﬁ¢ 0+6-1"—7 +(4 >t 2 ) t3/2>_—4nﬁ(t¢(t)) _4—nﬁ¢ @,
and again Theorem A1 shows that
’Z[m(t)— <¢(t)+ v—;t¢”(t)> ‘ <Ct?’? Y suply @
2C5 a4

2. Proof of approximation (32):
Approximation (32) is evident and directly comes from (31).
3. Proof of approximation (33)
Note that i = (L*L)~[¢] implies (L*[)[y]= . As (vs/csz)<< 1, we introduce the following asymptotic development of i:

From (32), it holds

l//04'< ;) (tg) +y11) +0(—2)—¢,

and

Yo=¢ and Yq=—0¢(t0tfg) =—0r(tr¢h),

and finally

D 1=6 - Setordr+o( 3 ).

S

______________________________________________________________________________________________________________________________________________|
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Remark 4.2 (Approximation of L for fractional models)

For more general media with fractional power-law exponents 7, one can recover the ideal Green function from the viscous one in a
very similar fashion by inverting a fractional differential operator. Such an approximation has been reported in [15], in the context
of Photoacoustic imaging in dissipative media. See [15, Section 1.2.6] for a brief account of the approximation for fractional model.

Remark 4.3 (Imaging procedure)
From Theorem 4.1, it follows that the ideal Green function, d(t —r/cs)/ (4nr), can be approximately reconstructed from the viscous
Green function, G°(r, t; £), by either solving the ordinary differential equation

v
b+ = 0tltord) =L*[GNr, :0),
%3
with ¢ =0, t< 0 or just making the approximation

L(3(1— r/ cs) = LG t: &) — E0t(l‘5t[L*GS](n 4.

(47r) CSZ
Once the ideal Green function d(t—r/cs)/ (4nr) is reconstructed, one can find its source £ using a time-reversal, a Kirchhoff or a
back propagation algorithm. See [5-8].

Using the asymptotic formalism developed in [8, 16, 17], one can also find the shear modulus of the anomaly using the ideal
near-field measurements which can be reconstructed from the near-field measurements in the viscous medium. The asymptotic
formalism reduces the anomaly imaging problem to the detection of the location and the reconstruction of a certain polarization
tensor in the far-field and separates the scales in the near-field. a

5. Numerical illustrations

5.1. Profile of the green function

In this section, we illustrate the profile of the Green function for different values of the power law exponent y, shear viscosity #;
and t. We choose parameters of simulation as in the work of Bercoff et al. [1]: we take p=1,000, cs=1, cp =40, 11, =0.

In Figure 2, we plot the first component, G117, of the Green function observed at the point A=((1/+/2)r,(1/+/2)r,0) (see first image
in Figure 1) with r=0.015 for three different values of y and two different values of . We can clearly distinguish the three different

Figure 1. Left: A= ( . Right: Plane P={xeR*x;=1).

1 1
5" 4379)

14 1.4 1.4
12 12 12
1 1 1

0.8 0.8 0.8
06 06 06
0.4 0.4 0.4
0.2 L/]L 0.2 )| 0.2
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08 08 08
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0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
-0.2 -0.2 -0.2
0 0005 001 0015 002 0025 003 0 0005 001 0015 002 0025 003 0 0005 001 0015 002 0025 0.03

Figure 2. Temporal response t— Gq1(A,t,0) to a spatiotemporal delta function using a purely elastic Green function and a viscous Green function (blue
line): First line : 77,=0.02, Second line : 17,=0.2; (left to right) y=1.75, =2, y=2.25.
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Figure 3. 2D spatial response x — G11(x,t,0) on the plan P to a spatiotemporal delta function with (top to bottom): a purely elastic Green function, a viscous
Green function with (y=1.75,7,=0.2) and (y=2,%,=0.2). Left to right: t=0.0075, t=0.0112 and t=0.015.
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Figure 4. Comparison between uqy,(x t) and L[uj jgeall(x, t) observed at x=A with =2 and #,=0.02 ; Left; 1o =0 ; Center, o= p; Right, o =2p.

terms of the Green function; i.e. ij Gf; and Gf;s and that the attenuation behavior varies with respect to different choices of power
law exponent y and the viscosity 7.

In Figure 3, we plot Gq1, evaluated on the plane P={xcR3;x3=r/2} (see second image in Figure 1), at three different times.
As expected, we get a diffusion of the wavefront with the increasing values of the power law exponent y and depending on the
choice of y;.

5.2. Approximation of attenuation operator L

Consider the limiting case when 21— +o0 with y=2. We take p=1,000, ¢s =1 and a concentrated force F. of the form F=—T(t)d(x)eq
where the time profile of the pulse, T(t), is a Gaussian with central frequency g and bandwidth p. Denote by Ujgeai (%, t) the ideal
response without attenuation and by U, (x, t), the response associate to the attenuation coefficient vs. Following Section 4, we have

avs %L[aideal]-

In Figure 4, we plot the first components of t— Ujgea|(4, 1), t— Uy, (A, t) and t— L[Uigeall(A, t) for different values of wg and 1, =0.02.
As expected, the function t— Uvs (A, ) and t— L[Ujgea](A t) are very similar. It justifies that the attenuation operator, L, well describes
the viscosity effects and the approximations presented in Section 4 are quite adequate.
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Finally, in Figure 5, we plot in logarithmic scale the error of approximation

(o230
S

i

’

]

where ¢(t) is the first component of Uiqez) (X t), computed at the point x=A with wg=p. It clearly appears to be an approximation
of order 2.

6. Conclusion

In this paper, we have computed the Green function in a visco-elastic medium obeying a frequency power-law. For the Voigt
model, which corresponds to a quadratic frequency loss, we have used the stationary phase Theorem A1 to reconstruct the ideal
Green function from the viscous one by solving an ordinary differential equation. Once the ideal Green function is reconstructed,
one can find its source point ¢ using the algorithms in [5-8] such as time reversal, back-propagation, and Kirchhoff imaging. For
more general power-law media, one can recover the ideal Green function from the viscous one by inverting a fractional differential
operator [15].

A number of recent experimental studies indicate that certain tissues like muscles and glands exhibit anisotropic visco-elastic
behavior (see e.g. [18-20]). Therefore, it would be very interesting to approximate the ideal Green function from the viscous one
in an anisotropic medium and would be the subject of future investigations.

Appendix A: Stationary phase method

The proof of the following theorem is established in [21, Theorem 7.7.1].

Theorem A1 (Stationary Phase)
Let K C [0,00) be a compact set, X an open neighborhood of K and k a positive integer. If y € C2K(K), f € C3¥*1(X) and Im(f)>0 in X,
Im(f(tg)) =0, f'(tg) =0, f"(tg) #0, f' #0 in K\ {tp} then for >0

/ (0O dt— el Ve (36"(tg)/ 201) "2 ¥ ALy | <CF Y suply@ o).
K j<k <2k

Here C is bounded when f stays in a bounded set in c3k+1(x) and [t—to|/|F'(t)] has a uniform bound. With,
9t (D =F(1)—F(to) — 1" (t)(t—t0)?,
which vanishes up to third order at ty, we have

27

vl#_,(—1)Vf”(tor"(gi;n//)@”’(tm.

Liyl= > X i~

v—p=j2v=3pn
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Note that L1 can be expressed as the sum Li[y/]= [1// +L [1//]+L Y], where v , for j=1,2,3 are, respectively, associate to the
pair (vj, 1;)=(1,0),(2,1),(3,2) and are identified as:

Wiy = f” (to) "y @to),

1
@) = 222, " (t0)2(gry) ¥ t0)= " (t0) (g (to)(t0) +4gLS (tol (t0)),
Oyl = - 1"t (g2 O to) = f"(t))~3(g2)© (to)y (o).
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