
National University of Technology, Islamabad

Quiz VIII (Calculus II), Spring 2019

Dated: June 28, 2019

Q.1 Evaluate the line integral

∫
C
(xy + z3)ds from (1, 0, 0) to (−1, 0, π) along the helix C (see

Figure 1) that is represented by the parametric equations

x(t) = cos t, y(t) = sin t, z = t, (0 ≤ t ≤ π).
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In this case, we write (9) in the expanded form

∫
C

f(x, y) ds =
∫ b

a

f(x(t), y(t))

√(
dx

dt

)2

+
(

dy

dt

)2

dt (11)

Similarly, if C is a curve in 3-space that is parametrized by

x = x(t), y = y(t), z = z(t) (a ≤ t ≤ b)

then we write (10) in the form

∫
C

f(x, y, z) ds =
∫ b

a

f(x(t), y(t), z(t))

√(
dx

dt

)2

+
(

dy

dt

)2

+
(

dz

dt

)2

dt (12)

Example 2 Evaluate the line integral
∫
C
(xy + z3) ds from (1, 0, 0) to (−1, 0, π) along

the helix C that is represented by the parametric equations

x = cos t, y = sin t, z = t (0 ≤ t ≤ π)

(Figure 15.2.7).

Solution. From (12)

∫
C

(xy + z3) ds =
∫ π

0
(cos t sin t + t3)

√(
dx

dt

)2

+
(

dy

dt

)2

+
(

dz

dt

)2

dt

=
∫ π

0
(cos t sin t + t3)

√
(− sin t)2 + (cos t)2 + 1 dt

= √
2

∫ π

0
(cos t sin t + t3) dt

= √
2

[
sin2 t

2
+ t4

4

]π

0

=
√

2π4

4
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Figure 15.2.7

If δ(x, y) is the linear density function of a wire that is modeled by a smooth curve C in
the xy-plane, then an argument similar to the derivation of Formula (5) shows that the mass
of the wire is given by

∫
C

δ(x, y) ds.

Example 3 Suppose that a semicircular wire has the equation y = √
25 − x2 and that

its mass density is δ(x, y) = 15 − y (Figure 15.2.8). Physically, this means the wire has a
maximum density of 15 units at the base (y = 0) and that the density of the wire decreases
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y
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Figure 15.2.8

linearly with respect to y to a value of 10 units at the top (y = 5). Find the mass of the
wire.

Solution. The mass M of the wire can be expressed as the line integral

M =
∫

C

δ(x, y) ds =
∫

C

(15 − y) ds

along the semicircle C. To evaluate this integral we will express C parametrically as

x = 5 cos t, y = 5 sin t (0 ≤ t ≤ π)

Figure 1: Helix C.

“Your problem isnt the problem, its your attitude about the problem.” — Ann
Brashares.
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